Abstract. Given a closed complex manifold X of even dimension, we develop a systematic (vertex) algebraic approach to study the rational orbifold cohomology rings H * orb (X n /Sn) of the symmetric products. We present constructions and establish results on the rings H * orb (X n /Sn) including two sets of ring generators, universality and stability, as well as connections with vertex operators and W algebras. These are independent of but parallel to the main results on the cohomology rings of the Hilbert schemes of points on surfaces as developed in our earlier works joint with W.-P. Li. We introduce a deformation of the orbifold cup product and explain how it is reflected in terms of modification of vertex operators in the symmetric product case. As a corollary, we obtain a new proof of the isomorphism between the rational cohomology ring of Hilbert schemes X [n] and the ring H * orb (X n /Sn) (after some modification of signs), when X is a projective surface with a numerically trivial canonical class; we show that no sign modification is needed if both cohomology rings use C-coefficients.
Introduction
One of the recent surprises is the deep connections among geometry of Hilbert schemes X
[n] of points on a projective surface X, symmetric groups (or more generally wreath products), infinite dimensional Lie algebras, and vertex algebras. The construction in [Na1, Gro] of Heisenberg algebra which acts on the direct sum
) of rational cohomology groups of Hilbert schemes made it possible to study the geometry of the Hilbert schemes from a new algebraic viewpoint. Lehn's work [Lehn] initiated the deep interaction between Heisenberg algebra and the ring structure on H * (X [n] ). The potential of this approach is made manifest in [LQW1, LQW2] where two different sets of ring generators on H * (X [n] ) were found for an arbitrary X. In [LS2] , a construction of the ring H * (X [n] ) is made in terms of symmetric group, for X with numerically trivial canonical class. In [LQW3] , the universality and stability of Hilbert schemes were established, which concern about the relations among the cohomology rings H * (X [n] ) when X or n varies. In [LQW4] , a W algebra was constructed geometrically acting on H X . This is an analogue of the W 1+∞ algebra (cf. e.g. [FKRW, Kac] ) and it contains the Heisenberg algebra and Virasoro algebra as subalgebras. The construction of the W algebra is based on an explicit vertex operator formula for the so-called Chern character operator which plays an important role in the development.
It is well known that the Hilbert scheme X [n] is a crepant resolution of singularities of the symmetric product X n /S n . As inspired from orbifold string theory [DHVW, VW] , the geometry of Hilbert schemes should be "equivalent" to the S n -equivariant geometry of X n . As stated in the footnote 3 of [Gro] , the direct sum ⊕ ∞ n=0 K Sn (X n )⊗C of equivariant K-groups can be identified with a Fock space of a Heisenberg algebra, cf. [Seg, Wa1] . In particular, the size of the cohomology group H * (X [n] ) coincides with that of the equivariant K-group K Sn (X [n] ) or the orbifold cohomology group of X n /S n . (Equivariant K-groups are related to orbifold cohomology groups by a decomposition theorem due to [BC] and independently [Kuhn] ). However the "equivalence" on the level of ring structures is more subtle.
In [CR] , Chen and Ruan introduced an orbifold cohomology ring for any orbifold. When X is a projective surface with a numerically trivial canonical class, Ruan [Ru1] conjectured that the orbifold cohomology ring of the symmetric product X n /S n is isomorphic to the cohomology ring of Hilbert scheme X [n] . This has been established with some sign modification in [LS2, FG] . More precisely, a certain graded Frobenius algebra A [n] was constructed in based on a graded Frobenius algebra A. The cohomology ring H * (X [n] ) is then shown to be isomorphic to A [n] for A = H * (X), which is subsequently identified in [FG] with the rational orbifold cohomology ring H * orb (X n /S n ) with some modifications of signs in the orbifold cup product, also see [Uri] .
The proof of the ring isomorphism in [LS2] is very ingenious however quite indirect. It made use of earlier results on Hilbert schemes as well as an observation in [FW] on the relation between Goulden's operator on the symmetric groups and Lehn's operator in Hilbert schemes. In particular, much remains to be understood about the finer structures of the ring H * orb (X n /S n ) on its own for a general complex manifold X or about any direct connections between H * orb (X n /S n ) and vertex algebras.
The goal of the present paper is to develop systematically a (vertex) algebraic approach to study the ring H * orb (X n /S n ) for a closed complex manifold X of even dimension in a self-contained manner which is independent of (but parallel to) the development on Hilbert schemes. By examining closely the arguments in , we observe that the results obtained therein follow in an axiomatic way from several key constructions and statements obtained in [Na2, Lehn, LQW1] , no matter how difficult or how long the proofs could be. (This does not mean that we could formulate and prove these results in Hilbert schemes in any easier way.) Thus we formulate several axioms to formalize the setup in order to make it applicable in different situations. We obtain the corresponding key constructions and prove the corresponding statements in H * orb (X n /S n ). These enable us to apply the axioms to obtain the counterparts in the setup of symmetric products of the main results in for Hilbert schemes.
Let us explain in more detail. We first note that a Heisenberg algebra acting on F X = ⊕ ∞ n=0 H * orb (X n /S n ) is available by easily reformulating the equivariant K-group construction in [Seg, Wa1] . We then introduce the cohomology classes O k (α, n) ∈ H * orb (X n /S n ) using the k-th power sum of Jucys-Murphy elements in the symmetric groups [Juc, Mur] . We define the operator O k (α) ∈ End(F X ) to be the orbifold cup product with O k (α, n) in H * orb (X n /S n ) for each n. (As we shall see, the operators O k (α) turn out to be the counterpart of the Chern character operators in [LQW1] .) The idea of relating Jucys-Murphy elements to vertex operators has been used in [LT] in the study of class functions of symmetric groups. In particular, when X is a point, the operator O 1 reduces to the Goulden's operator [Gou] which admits a vertex operator interpretation [FW] .
By studying the interaction of the operators O k (α) and Heisenberg operators, we are able to verify all the axioms. Therefore, as formal consequences of the axiomatization, we obtain the counterparts in the symmetric product setup of all the main results for the cohomology rings of Hilbert schemes in . Namely, we prove that O k (α, n), as 0 ≤ k < n and α runs over a linear basis of H * (X), form a set of ring generators of H * orb (X n /S n ). We also show that there is another set of ring generators in terms of Heisenberg algebra generators. We establish the stability of the ring H * orb (X n /S n ), which tells us in what sense the orbifold cup product on H * orb (X n /S n ) is independent of n. We further obtain a description of the operators O k (α) as the zero mode of a certain explicit vertex operator when X has a positive dimension. (Such a description has been given in [LT] when X is a point. There is however a remarkable difference between these two cases.) The components of these vertex operators generate a W algebra acting on F X . The description of the operator O k (α) as the zero mode of a certain explicit vertex operator provides us a new way to construct a sequence of Frobenius algebra F n A starting from a Frobenius algebra A, cf. Remark 4.16. (Compare with the different construction in [LS2] of the Frobenius algebra A [n] ). For a global quotient M/G, we introduce a deformed orbifold cup product on H * orb (M/G) (actually first on H * (M, G)) depending on a rational (or complex, if we consider the orbifold cohomology group with C-coefficient) parameter t. This reduces to the original construction in [CR] for t = 1, and to the construction of [FG] (also cf. [LS2] ) for t = −1. In the case of symmetric products, we explain how the parameter t is reflected in terms of some modifications on Heisenberg algebra and vertex operators. By comparing our results on the symmetric products with results on Hilbert schemes in [LQW1] , we obtain a new proof of the ring isomorphism between H * (X [n] ) and H isomorphism between cohomology ring of X [n] and the original orbifold cohomology ring of X n /S n for X with a numerically trivial canonical class. This supports the original conjecture of Ruan [Ru1] on the ring isomorphism of hyperkahler resolutions, if we insist on using C rather than Q as the cohomology coefficients.
As observed in [Wa1] , for a given complex manifold X with a finite group Γ action, the product X n affords a natural action of the wreath product Γ n (which is a finite group given by the semidirect product Γ n ⋊ S n ). Further, the quotient X n /Γ n can be identified with the symmetric product of the orbifold X/Γ. The results on the orbifold cohomology ring of symmetric products in this paper will be generalized elsewhere to the symmetric products of a general orbifold.
We find it amazing to have such a wonderful dictionary between results in Hilbert schemes and in symmetric products. To some extent, the results on symmetric products are simpler since the canonical class does not play a role here (besides, X needs not to be a surface). We present a partial dictionary in a table near the end of the paper. It is also instructive to compare with another dictionary table in [Wa2] between Hilbert schemes and wreath products.
Our results in this paper may shed light on the understanding of the difference between the rings H * (X [n] ) and H * orb (X n /S n ) (with/out the sign changes) even when the projective surface has a nontrivial canonical class. A special case of a conjecture made in [Ru2] says that there exists a ring isomorphism between H * orb (X n /S n ) and H * (X [n] ) with a quantum corrected product. A partial verification has been made by the Gromov-Witten 1-point function computation for X [n] in [LQ] . Our axiomatization provides a possible strategy for checking Ruan's conjectural ring isomorphism. Namely, we can use the quantum corrected product to replace the usual cup product to introduce operators analogous to the Chern character operators, and then try to understand their interaction with the usual Heisenberg algebra, and then compare with the results on the ring H * orb (X n /S n ) obtained in this paper.
The paper is organized as follows. In Sect. 2, we review the key constructions and statements in Hilbert schemes which are responsible for the further results. We put an emphasis on the axiomatic nature of these results. We also obtain a variation of Lehn's theorem in relating the Chern class of certain tautological bundles on X [n] and Heisenberg generators, and point out an interesting corollary. In Sect. 3, we present the corresponding key constructions and prove the corresponding statements in symmetric products. The reader should compare the constructions in Sect. 3 and in Sect. 2. In Sect. 4, we formulate formal consequences in symmetric products of the results in the previous section, which are the counterparts of earlier results on Hilbert schemes. In Sect. 5, we explain how a deformation of the orbifold cup product H * orb (X n /S n ) is reflected in terms of modified Heisenberg algebra and vertex operators. As a corollary, we obtain a new proof of the modified Ruan's conjecture on the ring isomorphism between H * (X [n] ) and H * orb (X n /S n ) when X has a numerically trivial canonical class. Further, we show that Ruan's original conjecture holds if we use C as cohomology coefficient. In Sect. 6, we list several open questions for further research.
Convention. All the (orbifold) cohomology groups/rings are assumed to have Q-coefficients unless otherwise specified.
2. The cohomology ring of Hilbert schemes 2.1. Hilbert schemes of points on surfaces. Let X be a smooth projective complex surface with the canonical class K and the Euler class e, and X
[n] be the Hilbert scheme of points in X. We define a bilinear form
An element in X [n] is represented by a length-n 0-dimensional closed subscheme ξ of X. For ξ ∈ X
[n] , let I ξ be the corresponding sheaf of ideals. It is well known that X
[n] is smooth. Sending an element in X [n] to its support in the symmetric product X n /S n , we obtain the Hilbert-Chow morphism π n : X [n] → X n /S n , which is a resolution of singularities. Define the universal codimension-2 subscheme:
Denote by p 1 and p 2 the projections of
[n] and X respectively. Let
be the direct sum of total cohomology groups (with Q-coefficient) of the Hilbert schemes
2.2. The Heisenberg Algebra. Nakajima and Grojnowski [Na1, Gro] constructed geometrically a Heisenberg algebra which acts irreducibly on H X with generators a n (α), n ∈ Z, α ∈ H * (X). Below we recall the construction of Nakajima [Na2] .
For m ≥ 0 and n > 0, let Q [m,m] = ∅ and define Q [m+n,m] to be the closed subset:
respectively. Define a n (α) ∈ End(H X ) to be (−1) n times the operator obtained from the definition of a −n (α) by switching the roles ofp 1 andp 2 . We often refer to a −n (α) (resp. a n (α)) as the creation (resp. annihilation) operator.
Theorem 2.1. The operators a n (α) ∈ End(H X ) (n ∈ Z, α ∈ H * (X)) generate a Heisenberg (super)algebra with commutation relations given by
where n, m ∈ Z, α, β ∈ H * (X). Furthermore, H X is an irreducible representation of the Heisenberg algebra with the vacuum vector |0 = 1 ∈ H * (pt) ∼ = C.
The commutator above is understood in the super sense according to the parity of cohomology classes α, β involved.
We define the following cohomology class in H * (X [n] ) [LQW2] :
In [LQW1] we introduced the cohomology classes G(γ, n), G k (γ, n), and the operators G k (α) etc (also cf. [Lehn] ).
For n ≥ 0 and a homogeneous class γ ∈ H * (X), let |γ| = s if γ ∈ H s (X), and let G i (γ, n) be the homogeneous component in
where ch(O Zn ) denotes the Chern character of the structure sheaf O Zn and td(X) denotes the Todd class. Here and below we omit the Poincaré duality used to switch a homology class to a cohomology class and vice versa. We extend the definition of G i (γ, n) to an arbitrary class γ ∈ H * (X) by linearity. It turns out to be more convenient to introduce a normalized class
It was proved in [LQW1] that the cohomology ring of X [n] is generated by the classes G i (γ, n) where 0 ≤ i < n and γ runs over a linear basis of H * (X). The Chern character operator G i (γ) ∈ End(H X ) is defined to be the operator acting on the component H * (X [n] ) by the cup product with G i (γ, n) for every n ≥ 0. We introduce a formal variable (here and in other places later on) and let
A convenient way is to regard as having 'cohomology degree' −2 so G (γ) becomes homogeneous of degree |γ|.
Let d = G 1 (1 X ) where 1 X is the fundamental cohomology class of X. The operator d was first introduced in [Lehn] and plays an important role in the theory. For a linear operator f ∈ End(H X ), define its derivative
2.4. Vertex operators. We define the normally ordered product : a m1 a m2 : to be a m1 a m2 when m 1 ≤ m 2 and a m2 a m1 when m 1 > m 2 . We denote
where k ≥ 1, is the linear map induced by the diagonal embedding τ k : X → X k , and
We will simply write τ * for τ k * when there is no confusion.
Our convention of vertex operators or fields is to write them in a form
where ∆ is the conformal weight of the field φ(z). Define the derivative field
We define the normally ordered product :
as usual (cf. e.g. [Kac] ). For α ∈ H * (X), we define a vertex operator a(α)(z) by putting
where :
e. the m-th Fourier component of the field : a(z) p : (τ * α)), and maps H * (X [n] ) to H * (X [n+m] ). Similarly, for r ≥ 1, we can define the field : (∂ r a(z))a(z) p−1 : (τ * α), and define the oper-
Interactions between Heisenberg algebra and G(α).
The following theorem is a variation of Lemma 5.8, [LQW1] , which generalizes Theorem 4.2, [Lehn] . Clearly the two identities in the following theorem are equivalent.
In particular, for a surface X with numerically trivial canonical class, we have
Proof. Observe that both sides of (2.1) annihilates the vacuum vector |0 . To prove (2.1), it suffices to show that the commutators of both sides of (2.1) with the operators a n (β), n ∈ Z, β ∈ H * (X), coincide. It was shown in [LQW1] that (i.e. the transfer property) [Lehn] , Theorem 3.10. We can easily compute the commutator of the right hand side of (2.1) with a n (β) by using Lemma 3.1 in [LQW3] . These two commutators coincide.
2.6. Axiomatization. We claim that Theorem 2.1, Theorem 2.2, and Theorem 2.3 encode all the information about the ring structure of the cohomology ring H * (X [n] ) for every n. In fact, if we examine closely the proofs of all the main results in , we see that these three statements (or sometimes some weaker form of Theorem 2.3) were used effectively, together with numerous standard properties concerning τ k * , the Heisenberg generators etc. The results therein include the theorems on cohomology ring generators in [LQW1, LQW2] , the universality and stability theorems in [LQW3] , and the connection with W algebras in [LQW4] .
This observation leads to a strategy which allows us to treat similar cases in an axiomatic manner. Assume that (A1) there exists a sequence of (finite-dimensional) graded Frobenius algebras
[n] affords the structure of a Fock space of a Heisenberg algebra. (A3) There exists a sequence of elements G k (α, n) ∈ A [n] depending on α ∈ A (linearly) and a non-negative integer k, which can be used to define operators G k (α). The operators G k (α), G 1 (1 A ) and the Heisenberg generators satisfy the relations as in Theorem 2.2 and (2.2). (Note here that in general there is no counterpart of the K-term in Theorem 2.3, so we have put a stricter axiom here. Variations of this are allowed in different setup.)
The axioms (A1-A3) suffice us to use the same approach as in ] to obtain similar theorems. (For results in [LQW3, LQW4] the fact e 2 = 0 is used. This requires a separate treatment when A ∼ = C which corresponds to the cohomology ring of X = pt.) In fact, many formulas in the Hilbert scheme side are to be simplified by discarding all the terms which involve in a manifest way with the canonical class K.
We will follow this axiomatic route when we treat the orbifold cohomology ring of the symmetric products in the sections below.
2.7. Tautological bundles and Heisenberg generators. Given a line bundle L over X, we obtain a rank n vector bundle
, where we recall that p 1 and p 2 are the projections from X
[n] × X to X [n] and X respectively, and Z n is the universal subscheme of X
[n] × X. We introduce the generating function for Chern classes:
The following theorem is a variation of Theorem 4.6 in [Lehn] . We can prove it in a way parallel to the Variant 2 of the proof of Lehn's theorem, once we make sure to put a suitable power of in the right places.
When setting = 1, we recover Theorem 4.6, [Lehn] :
Besides making various gradings involved more transparent, one advantage of our Theorem 2.4 to Theorem 4.6 in [Lehn] is that we may set the value of to be a number other than 1. Denote by L
[n]∨ the dual bundle of L [n] . The Chern classes of a vector bundle and its dual are related to each other:
3), we arrive at the following new observation.
3. The orbifold cohomology ring of symmetric products I 3.1. Generalities on orbifold cohomology rings. Let M be a complex manifold of complex dimension d with a finite group G action. Following [BBM, BC, Kuhn] , we introduce the space
and G acts on M ⋄ G naturally by h.(g, x) = (hgh −1 , hx). As a vector space, we define H * (M, G) to be the cohomology group of M ⋄ G with rational coefficient (cf. [FG] ), or equivalently,
The space H * (M, G) has a natural induced G action, which is denoted by ad h :
. As a vector space, the orbifold cohomology group
where G * denotes the set of conjugacy classes of G and
For g ∈ G and x ∈ M g , write the eigenvalues of the action of g on the complex tangent space T M x to be µ k = e 2πir k , where 0 ≤ r k < 1. The degree shift number (or age) is the rational number
k=1 r k , cf. [Zas] . It depends only on the connected component Z which contains x, so we can denote it by F g Z . Then associated to a cohomology class in H r (Z), we assign the corresponding element in H * (M, G) (and thus in H * orb (M/G)) the degree r + 2F g Z . A ring structure on H * orb (M/G) was introduced by Chen and Ruan [CR] . This was subsequently clarified in [FG] by introducing a ring structure on H * (M, G) first and then passing to H * orb (M/G) by restriction. We shall use • to denote this product. The ring structure on H * (M, G) is degree-preserving, and has the property:
) which, when restricted to the G-invariant part, induces naturally a degree-preserving linear map Res
Note that Ind G K (α) is clearly G-invariant. When restricted to the invariant part, we obtain a degree-preserving linear map Ind
We often write the restriction and induction maps as Res K , Res and Ind G , Ind, when the groups involved are clear from the context. In particular, when M is a point, H * orb (pt/G) reduces to the Grothendieck ring R Q (G) of G, and we recover the induction and restriction functors in the theory of finite groups.
3.2. The Heisenberg algebra. Let X be a closed complex manifold of complex dimension d. Our main objects are the orbifold cohomology ring H * orb (X n /S n ), and the non-commutative ring H * (X n , S n ). We denote
We introduce a linear map ω n : H * (X) → H * orb (X n /S n ) as follows: given α ∈ H r (X), we denote by ω n (α) ∈ H r+d(n−1) orb (X n /S n ) the element associated to nα by the isomorphism H * ((X n ) σn ) ∼ = H * (X) for any permutation σ n in the conjugacy class [n] ∈ (S n ) * which consists of the n-cycles. We also define ch n :
For n > 0, we define the creation operator p −n (α) ∈ End(F X ) given by the composition (k ≥ 0):
and the annihilation operator p n (α) ∈ End(F X ) given by the composition (k ≥ 0):
We also set p 0 (α) = 0.
Theorem 3.1. The operators p n (α) ∈ End(F X ) (n ∈ Z, α ∈ H * (X)) generate a Heisenberg (super)algebra with commutation relations given by
where n, m ∈ Z, α, β ∈ H * (X). Furthermore, F X is an irreducible representation of the Heisenberg algebra with the vacuum vector |0 = 1 ∈ H * (pt) ∼ = C.
This theorem can be proved in the same way as an analogous theorem formulated by using the equivariant K-group K Sn (X n ) ⊗ C. This analogous theorem was established in [Seg] (see [Wa1] , Theorem 4 and its proof for detail). In general, equivariant K-groups are related to orbifold cohomology groups by a decomposition theorem [Kuhn, BC] . Note that there is a (fundamental!) sign difference in the two commutators of Theorems 2.1 and 3.1.
In particular, for a given y ∈ H |y| orb (X n−1 /S n−1 ), by the definition of p −1 (α) (where α ∈ H |α| (X)) and the induction map, we can write that
For 0 ≤ i < n, we introduce the following cohomology class in H * (X [n] ):
3.3. Jucys-Murphy elements. For a permutation σ ∈ S n of cycle type given by a partition λ = (λ 1 , λ 2 , . . . , λ l ) of length ℓ = ℓ(λ), we denote d(σ) = d(λ) = n − l(λ). Let ch : ⊕ ∞ n=0 R(S n ) → Λ be the Frobenius characteristic map from the direct sum of (complex) class functions on the symmetric group S n to the ring Λ of symmetric functions in infinitely many variables, cf. [Mac] . Denote by η n and ε n the trivial and alternating characters of S n . Then ch sends η n and ε n to the n-th complete and elementary symmetric functions in Λ respectively. We denote by p r the r-th power sum symmetric function.
Recall [Juc, Mur] that the Jucys-Murphy elements ξ j;n of the symmetric group S n are defined to be the sums of transpositions:
When it is clear from the text, we may simply write ξ j;n as ξ j . Denote by Ξ n the set {ξ 1 , . . . , ξ n }. According to Jucys, the k-th elementary symmetric function e k (Ξ n ) of Ξ n = {ξ 1 , . . . , ξ n } is equal to the sum of all permutations in S n having exactly (n − k) cycles. Therefore, we obtain
where is a formal parameter here and below. We have
Noting that ε n (1) (resp. ε n (−1)) coincides with the alternating character ε n (resp. the trivial character η n ), we obtain two classical identities involving η n , ε n , and p r by setting = ±1 in (3.2).
3.4. The cohomology classes η n (γ) and O k (α, n). In the rest of this paper, we will assume that X is a closed complex manifold of even complex dimension d. Given γ ∈ H * (X), we denote
and regard it to be a cohomology class in H * (X n , S n ) associated to the identity conjugacy class. We define ξ i (γ) := ξ i + γ (i) ∈ H * (X n , S n ). We sometimes write ξ i (γ) as ξ i;n (γ) to specify its dependence on n when necessary.
Definition 3.2. Given γ ∈ H * (X), we define η n (γ) (resp. ε n (γ)) to be the cohomology class in H * orb (X n /S n ) whose component associated to an element σ in the conjugacy class of partition λ of n is given by
(resp. by (−1) d(λ) γ ⊗ℓ(λ) ). We further define an operator η(γ) (resp. ε(γ)) in End(F X ) by letting it act on H * orb (X n /S n ) by the orbifold product with η n (γ) (resp. ε n (γ)) for every n. This definition is motivated by its counterpart in terms of equivariant K-groups [Seg, Wa1] . We can show that
Compare with [Wa1] , Proposition 4.
Proposition 3.3. Given γ ∈ H * (X), the orbifold cup product of the n elements ξ i (γ) (i = 1, . . . , n) in H * (X n , S n ) lies in H * orb (X n /S n ), and furthermore the following identity holds:
Proof. It suffices to prove (3.3), since the first claim follows from (3.3) and the fact that η n (γ) is S n -invariant.
A typical monomial on the right-hand side of (3.3) is of the form
where i 1 < . . . < i k , j 1 < . . . < j n−k , and {i 1 , . . . , i k , j 1 , . . . , j n−k } = {1, . . . , n}.
Here we have used the observation that
Note that every cycle of each permutation σ appearing in ξ i1 · · · ξ i k has exactly one number which does not belong to i 1 , . . . , i k , and in addition, ℓ(σ) = n − k and d(σ) = k. Using the definition of the orbifold cup product, we see that the product σ•γ (j1) · · · γ (j n−k ) does not involve the obstruction bundles (or the group defects are trivial in the terminology of Lehn-Sorger) and equals γ ⊗ℓ(σ) ∈ H ⊗ℓ(σ) ∼ = H * ((X n ) σ ). This proves (3.3).
If we denote
Definition 3.4. For homogeneous α ∈ H |α| (X), we define the class
and extends linearly to all α ∈ H * (X). We put O(α, n) =
Remark 3.5. We can see that O k (α, n) ∈ H * (X n , S n ) is S n -invariant (and thus lies in H * orb (X n /S n )) as follows. For γ ∈ H * (X), note that e j (ξ 1 (γ), . . . , ξ n (γ)) lies in H * orb (X n /S n ), where e j (ξ 1 (γ), . . . , ξ n (γ)) (1 ≤ j ≤ n) is the j-th elementary symmetric function in ξ i (γ)'s. So H * orb (X n /S n ) contains all symmetric functions in ξ i (γ)'s. In particular, O(e −γ , n)
Letting γ vary, we see that O(α, n) and similarly O k (α, n) lie in H * orb (X n /S n ).
In particular, O 1 (1 X ) ∈ End(F X ) is the generalized Goulden's operator [Gou, FW] , which will be denoted by b. The reason for our convention of putting the sign in front of ξ i is to make the comparison with the Hilbert scheme side easier. Also, the power sums of Jucys-Murphy elements have been studied in [LT] which corresponds to our case when X is a point.
Note that the generalized Goulden's operator b is defined to be the orbifold cup product with
We have the following.
Theorem 3.6. We have b = − 1 6 : p 3 : 0 (τ * 1 X ).
Remark 3.7. This proposition is a counterpart of (2.2). The proof is essentially the same as the proof in the case when X is a point [Gou, FW] (also cf. [LS2] ). For example, if we look at the proof of Proposition 4.4, [LS2] , the ∆ * and e there should be replaced by our τ * (which equals −∆ * ) and −e respectively, since we are using the orbifold cup product of [CR] . Also compare Proposition 5.7 and Remark 5.8 below.
Interactions between Heisenberg algebra and O k (γ).
Theorem 3.8. Let γ, α ∈ H * (X). Then we have
Proof. For simplicity of signs, we assume that the cohomology classes γ, α are of even degree. It suffices to prove the second identity.
Recall that p −1 (α)(y) = 1 (n−1)! g∈Sn adg (y ⊗ α), for y ∈ H * orb (X n−1 /S n−1 ). Regarding S n−1 as the subgroup S n−1 × 1 of S n , we introduce an injective ring homomorphism
by sending α σ to α σ ⊗ 1 X , where σ ∈ S n−1 . Thus
where we used the fact that
It remains to prove that
We will prove this by induction. It is clearly true for k = 0. Note that
Under the assumption that the formula (3.5) is true for k, we have
since O 1 (γ, n) is S n -invariant. By using the induction assumption twice, we get
So by induction, we have established (3.5) and thus the theorem.
We also have a theorem concerning the operator η(γ). It generalizes Proposition 4.6 in [LS2] (which corresponds to our special case when γ = 1 X and the assumption there that X is a surface is unnecessary).
Theorem 3.9. Let γ, α ∈ H * (X) and we further assume that γ can be written as a sum of classes of even degree. Then we have
Proof. The proof of the second formula is similar, so we will prove the first one only. For simplicity of signs in the proof, we assume that the cohomology class α is of even degree.
Given y ∈ H * orb (X n−1 /S n−1 ), we have
This finishes the proof.
The orbifold cohomology ring of symmetric products II
We see from Theorem 3.1, Theorem 3.6 and Theorem 3.8 that the orbifold cohomology rings H * orb (X n /S n ) satisfy the axioms in Subsect. 2.6. Therefore, we can follow the approaches of to establish the results in the following subsections. The terms involving the canonical class K of X in various formulas in will disappear because there is no K-term in Theorem 3.6. We remark that the fact e 2 = 0 was used in [LQW3, LQW4] (where X is a surface). Thus, when dealing the orbifold cohomology ring H * orb (X n /S n ) in this section, we sometimes need to treat separately and carefully the case when X is a point (i.e. when e 2 = 0).
The ring generators for H
Theorem 4.1.
(i) Given a closed complex manifold X of even dimension, the orbifold cohomology ring H * orb (X n /S n ) is generated by the cohomology classes O i (α, n), where 0 ≤ i < n and α runs over a fixed linear basis of H * (X); (ii) The ring H * orb (X n /S n ) is generated by the classes P i (α, n), where 0 ≤ i < n and α runs over a fixed linear basis of H * (X).
Remark 4.2. Part (i) is the counterpart of Theorem 5.30 in [LQW1] , while part (ii) is the counterpart of Theorem 3.23 in [LQW2] .
The universality of the ring H
Theorem 4.3. Let X be a closed complex manifold of even dimension. The orbifold cohomology ring H * orb (X n /S n ) is determined uniquely by the ring H * (X).
We refer to this theorem, Proposition 4.4 and Proposition 4.6 below as the universality of the ring H * orb (X n /S n ). The theorem follows from the more quantitative descriptions of the orbifold cup product of ring generators of H * orb (X n /S n ) in Proposition 4.4 and Proposition 4.6. It also follows from combining the results of [LS2] and [FG] .
Let s ≥ 1, and let α 1 , . . . , α s ∈ H * (X) be homogeneous cohomology classes. For a partition π = {π 1 , . . . , π j } of the set {1, . . . , s}, we fix the orders of the elements listed in each subset π i (1 ≤ i ≤ j) once and for all, and define ℓ(π) = j, α πi = m∈πi α m , and the sign sign(α, π) by the relation
The choice of the orders for the elements listed in each of the subsets π i , 1 ≤ i ≤ ℓ(π) will affect the sign sign(α, π), but will not affect the long expression in Proposition 4.4 below. We denote by
Proposition 4.4. (Universality) Let X be a closed complex manifold of even dimension d > 0. Let n, s ≥ 1, k 1 , . . . , k s ≥ 0, and let α 1 , . . . , α s ∈ H * (X) be homogeneous. Then, the orbifold product
where π runs over all partitions of {1, . . . , s}, ǫ i ∈ {1 X , e},
Moreover, all the coefficients in this linear combination are independent of the manifold X, the cohomology classes α 1 , . . . , α s , and the integer n.
Remark 4.5. This proposition is the counterpart of Proposition 5.1, [LQW3] .
For the case d = 0 (i.e., X is a point), we adopt the simplified notations p m and O k (n) for p m (1 X ) and O k (1 X , n) respectively. We have the following analog of Proposition 4.4.
is a finite linear combination of expressions of the form
where π runs over all partitions of {1, . . . , s}, m i ,
Moreover, all the coefficients in this linear combination are independent of n.
The stability of the ring H
Theorem 4.7. Let X be a closed complex manifold of even dimension d. Let s ≥ 1 and
fix n with n ≥ ki j=1 n i,j for all 1 ≤ i ≤ s. Then the orbifold cup product
is equal to a finite linear combination of monomials of the form
ki j=1 n i,j , and γ 1 , . . . , γ N depend only on e, α i,j , 1 ≤ i ≤ s, 1 ≤ j ≤ k i . Moreover, the coefficients in this linear combination are independent of α i,j and n; they are also independent of X provided d > 0.
Remark 4.8. This theorem is the counterpart of Theorem 6.1 in [LQW3] .
4.4. The stable ring R X . Given a finite set S which is a disjoint union of subsets S 0 and S 1 , we denote by P(S) the set of partition-valued functions ρ = (ρ(c)) c∈S on S such that for every c ∈ S 1 , the partition ρ(c) is required to be strict in the sense that ρ(c) = (1 m1(c) 2 m2(c) . . . ) with m r (c) = 0 or 1 for all r ≥ 1. Now let us take a linear basis S = S 0 ∪ S 1 of H * (X) such that 1 X ∈ S 0 , S 0 ⊂ H even (X) and S 1 ⊂ H odd (X). If we write ρ = (ρ(c)) c∈S and ρ(c) = (r mr (c) ) r≥1 = (1 m1(c) 2 m2(c) . . . ), then we introduce the following notations:
m r (c),
r · m r (c),
Given ρ = (ρ(c)) c∈S = (r mr (c) ) c∈S,r≥1 ∈ P(S) and n ≥ 0, we define
where we fix the order of the elements c ∈ S 1 appearing in c∈S once and for all. It is understood that p ρ (n) = 0 for 0 ≤ n < ρ . As ρ runs over all partition-valued functions on S with ρ ≤ n, the corresponding p ρ (n) linearly span H * orb (X n /S n ), as a corollary to Theorem 3.1. According to Theorem 4.7 (for s = 2), we can write the orbifold cup product in the ring H * orb (X n /S n ) as
where ν ≤ ρ + σ , and the structure coefficients d ν ρσ are independent of n. Even though the cohomology classes p ν (n) with ν ≤ n in H * orb (X n /S n ) are not linearly independent, we can show that (cf. Lemma 7.1, [LQW3] ) the structure constants d ν ρσ in the formula (4.1) are uniquely determined from the fact that they are independent of n.
Definition 4.9. The stable ring associated to a closed complex manifold X, denoted by R X , is defined to be the ring with a linear basis formed by the symbols p ρ , ρ ∈ P(S) and with the multiplication defined by
where the structure constants d ν ρσ are from the relations (4.1). Note that the stable ring does not depend on the choice of a linear basis S of H * (X) containing 1 X since the operator p n (α) depends on the cohomology class α ∈ H * (X) linearly. Clearly the stable ring R X itself is super-commutative and associative. The ring R X captures all the information of the orbifold cohomology rings H * orb (X n /S n ) for all n, as we easily recover the relations (4.1) from the ring R X . We summarize these observations into the following.
Theorem 4.10. (Stability) For a closed complex manifold X of even dimension, the cohomology rings H * orb (X n /S n ), n ≥ 1 give rise to the stable ring R X which completely encodes the cohomology ring structure of H * orb (X n /S n ) for each n. The stable ring R X depends only on the cohomology ring H * (X).
Remark 4.11. This theorem is the counterpart of Theorem 7.1 [LQW3] . The stable ring here is the counterpart of the Hilbert ring introduced in Definition 7.1 of [LQW3] . The stability of the convolution of symmetric groups (which corresponds to our special case when X is a point) was due to Kerov and Olshanski (cf. [LT] ).
When ℓ(ρ) = 1, that is, when the partition ρ(c) is a one-part partition (r) for some element c ∈ S and is empty for all the other elements in S, we will simply write p ρ = p r,c . Just as in [LQW3] , we can show that the stable ring R X is isomorphic to the tensor product P ⊗ E, where P is the polynomial algebra generated by p r,c , c ∈ S 0 , r ≥ 1 and E is the exterior algebra generated by p r,c , c ∈ S 1 , r ≥ 1. 4.5. The W algebras. In this subsection, we assume that X is a closed complex manifold of even dimension d > 0. Results on this section are counterparts of Sect. 5 of [LQW4] . However, some signs have been modified due to the sign difference between the two Heisenberg algebra commutators in the setups of Hilbert schemes and symmetric products, cf. Theorems 2.1 and 3.1. The modification is done by carefully tracing the procedures in [LQW4] .
Let α ∈ H * (X), and λ = (· · · (−2) m−2 (−1) m−1 1 m1 2 m2 · · · ) be a generalized partition of the integer n = i im i whose part i ∈ Z has multiplicity m i . Define
Let −λ be the generalized partition whose multiplicity of i ∈ Z is m −i . A generalized partition becomes a partition in the usual sense if the multiplicity m i = 0 for every i < 0.
where the λ's are generalized partitions. Note that J 0 n (α) = p n (α). We define W X to be the linear span of the identity operator Id FX and the operators J p n (α) in End(F X ), where p ≥ 0, n ∈ Z and α ∈ H * (X). The following theorem describes the operator O k (α) in terms of the Heisenberg generators explicitly. It is a counterpart of Theorem 4.6 in [LQW4] .
Theorem 4.12. Let k ≥ 0, and α ∈ H * (X).
In terms of vertex operators, the operator J p m (α) can be rewritten as:
If we want the coefficients above to be independent of m, we can further rewrite
The operators O p (α), p n (α), and J p n (α) are related in the following way. Proposition 4.13. Given p ≥ 0, α, β ∈ H * (X), we have
We introduce an integer Ω p,q m,n for m, n, p, q ∈ Z as follows:
Theorem 4.14. Let X be a closed complex manifold of even dimension d > 0. The vector space W X is closed under the Lie bracket. More explicitly, for m, n ∈ Z, and α, β ∈ H * (X), we have
where (p, q) ∈ Z 2 + except for the unordered pairs (0, 0), (1, 0), (2, 0) and (1, 1). In addition, for these four exceptional cases, we have
Remark 4.15. This W algebra should be viewed as a generalization of the W ∞ algebra (cf. e.g. [FKRW, Kac] ). The assumption d > 0 above ensures that e 2 = 0. The case when d = 0 (i.e. X is a point) has been treated in [LT] .
Remark 4.16. Our understanding of O k (α) in terms of vertex operators also allows us to recast the study of the ring structure problems from a different perspective starting from vertex algebras. Given an integral lattice A (i.e. a free abelian group with a non-degenerate bilinear form A × A → Z), the Fock space F A of a Heisenberg algebra associated to A affords a natural Z + -grading:
, and in addition F A carries a natural vertex algebra structure [Bor] . There are numerous operators in End(F A ) arising from the vertex algebra constructions.
Let us assume that A has an additional structure of a graded Frobenius algebra compatible with the given bilinear form on A. We may ask if there is any reasonable graded commutative ring structure on F n A for each n which comes from the vertex algebra structure on F A . The answer to this question is affirmative. We may introduce operators O k (α) acting on F n A for each n to be the zero-modes of the vertex operators given in Theorem 4.12 and (4.2) above. The operators O k (α) commute with each other by Theorem 4.14. Next, we define elements
A , where p −1 (1 A ) is a Heisenberg generator. Then, we define the product in F n A (which is commutative)
. By Theorem 4.1 we see that F n A is generated as a ring by the elements O k (α, n)'s. In this way, we define a ring structure on F n A for each n with a set of ring generators.
5. The deformed orbifold cohomology ring of symmetric products 5.1. A deformed orbifold cohomology ring. Given a complex manifold M with a finite group G action, we denote by H * (M, G; C) and H * orb (M/G; C) respectively the counterparts of H * (M, G) and H * orb (M/G) with C-coefficients.
Definition 5.1. Let M be a complex manifold with a finite group G action. Let t be a nonzero complex parameter. We define a product structure, denoted by
For the sake of simplicity, we assume here that (F g + F h − F gh )/2 is an integer for every g, h ∈ G.
Remark 5.2. In the above definition, for brevity, we have omitted the dependence of shift numbers on the connected components. If ǫ(g, h) is a rational number for some g, h, we make sense of t ǫ(g,h) by fixing a suitable root of t. This definition is a simple generalization of the signed orbifold product (i.e. our t = −1 case) introduced in [FG] , which in turn was motivated by Lehn and Sorger [LS2] who introduced the sign in the symmetric product setup. The new product • t remains to be associative thanks to the identity ǫ(g, h) + ǫ(gh, k) = ǫ(g, hk) + ǫ(h, k). It induces a graded commutative product structure on H * orb (M/G; C), the G-invariant part of H * (M, G; C) (which uses the easy identity ǫ(g, h) = ǫ(h, h −1 gh)). Compare with [FG] , Theorem 1.29 and its proof.
Remark 5.3. In the above definition, if t ǫ(g,h) are all rational for a given t and every g, h ∈ G (e.g. when t is rational), it makes sense to talk about the ring product • t on the H * (M, G) and H * orb (M/G) with rational coefficients.
Proposition 5.4. The family of ring structures • t on H * (M, G; C) (and resp. on H * orb (M/G; C)) with C-coefficient are isomorphic for all nonzero t ∈ C.
Proof. For t = 0, we define the linear map from H * (M, G; C) with product • t to H * (M, G; C) with the (original) product • = • 1 :
by sending t −F g /2 α g to α g , for α g ∈ H * (M g ). The ring isomorphism follows from the definition of the product • t .
Remark 5.5. The deformed product • t , where t ∈ Q, on H * (M, G) in general can be non-isomorphic for different t, and so this is an interesting deformation. For example, for symmetric product X n /S n associated with a complex surface X, the number (F g + F h − F gh )/2 is always an integer for every g, h ∈ S n , but F g /2 often not. So in general t −F g /2 may not be a rational number even when t is, and thus the isomorphism given in Proposition 5.4 is not valid over Q.
Remark 5.10. Starting from a graded Frobenius algebra A, we can obtain a family of Frobenius algebra structures on F n A depending on t by using the modified Heisenberg algebra etc. When setting t = −1, the algebra F n A should be isomorphic to A [n] given in [LS2] .
5.3. A cohomology ring isomorphism. Let X be a projective surface. We have seen that both F X = ⊕ n H * orb (X n /S n ) and H X = ⊕ n H * (X [n] ) are Fock spaces of the same size. By sending p −n1 (α 1 ) · · · p −n k (α k )|0 to a −n1 (α 1 ) · · · a −n k (α k )|0 , where n 1 , . . . , n k > 0, α 1 , . . . , α k ∈ H * (X), we have defined a linear isomorphism Θ : F X → H X , which induces a linear isomorphism Θ n : H * orb (X n /S n ) → H * (X [n] ) for each n.
Theorem 5.11. Let X be a projective surface with numerically trivial canonical class. The linear map Θ n : H * orb (X n /S n ) → H * (X [n] ) is a ring isomorphism, if we use the product • −1 on H * orb (X n /S n ).
Proof. Noting that d = 2 and t = −1, we can take t d/6 = −1. Thus, t p n = p n if n ≤ 0, and t p n = −p n if n > 0 (we keep using t instead of −1 here and below for notational convenience.) The Heisenberg algebra commutators for the t p n in (5.1) and for the a n in Theorem 2.1 exactly match. Comparing (2.3) and (3.4), we see that Θ sends G 1 (1 X , n) = c 1 (O [n] ) (where O denotes the trivial line bundle over X) to O 1 (1 X , n) = − n i=1 ξ i . Note that the operator d and t b are defined in terms of G 1 (1 X , n) and O 1 (1 X , n) respectively. By Theorem 2.3 and Theorem 5.7, the operator d matches exactly with t b. Then it follows from comparing Theorems 2.2 and Proposition 5.6 that the operator G k (γ) coincide with O k (γ). If we recall the definitions of G k (γ) and O k (γ), the theorem follows now from Theorem 4.1 (i) and its Hilbert scheme counterpart Theorem 1.2 in [LQW1] .
Remark 5.12. This ring isomorphism has been earlier established in a different way by combining the results in [LS2, FG] (also cf. [Uri] ).
Modifying Θ, we introduce a linear isomorphism Θ : F X → H X by sending √ −1 k a=1 na−k p −n1 (α 1 ) · · · p −n k (α k )|0 to a −n1 (α 1 ) · · · a −n k (α k )|0 . This induces a linear isomorphism Θ n : H * orb (X n /S n ; C) → H * (X [n] ; C) for each n. Note that both Θ 1 and Θ 1 are simply the identity map on the cohomology group of the surface X.
Theorem 5.13. Let X be a projective surface with numerically trivial canonical class. The linear map Θ n : H * orb (X n /S n ; C) → H * (X [n] ; C) is a ring isomorphism from the cohomology ring of Hilbert scheme with C-coefficient to the standard orbifold cohomology ring of the symmetric product with C-coefficient.
Proof. Note that p −n (α)|0 corresponds to an n-cycle whose shift number is (n − 1) and a permutation associated to p −n1 (α 1 ) · · · p −n k (α k )|0 has shift number k a=1 n a − k. Thus, the map Θ n is the composition of the ring isomorphism Θ n with the ring isomorphism ζ t for t = −1 defined in the proof of Proposition 5.4.
The above theorem supports the original conjecture of Ruan [Ru1] if the cohomology coefficient is C rather than Q. Of course, the surface example at the end of Section 2 of [FG] is no longer a counterexample over C, since all symmetric bilinear form over C can be diagonalizable. Our results refresh the hope that Symmetric Product X n /S n H X = ⊕ n H * (X [n] ) F X = ⊕ n H * orb (X n /S n ) cup product (signed) orbifold cup product Heisenberg generator a n (α) Heisenberg generator p n (α) total Chern class c(L
